Applying the Hamilton-Jacobi method we investigate the tunneling of photon and gravitino through an event horizon beyond semiclassical approximation. Quantum corrections of the single particle action for both cases are found to be proportional to the semiclassical contribution. We show the importance of gauge condition for analysing photon tunneling. Modifications of the Hawking temperature and the Bekenstein-Hawking area law is obtained and the first order correction is shown to be related with the trace anomaly.
Introduction
Black holes are the solution of classical general relativity from which nothing can escape. In 1974 this understanding was changed completely when Hawking [1, 2] showed that due to quantum effects black can radiate energy and the resulting spectrum is purely thermal in nature. He also showed that the temperature of a black hole is directly proportional to its surface gravity.
To understand Hawking radiation in a physically intuitive manner, Parikh and Wilczek [3] described it as a quantum tunneling effect through the horizon of the black hole. In this method one first calculates the tunneling amplitude by exponentiating the imaginary part of the action multiplied by a factor, for the process of s-wave emission and then uses the principle of detailed balance to relate it with the Boltzmann factor. In the literature two different approaches are available to compute the imaginary part of the action. In one method trajectory of a radial null geodesic is considered-this was developed in [3] . In the other method Hamilton-Jacobi ansatz is used-this is an extension of the complex path analysis given in [4] . After the initial formulation of the theory it generated a lot of interest and till now it has been applied successfully to various types of black holes [5, 6, 7, 8, 9] . But most of the studies in this context have been done for spinless scalar particles. Though there are few papers [10, 11] on spin 1 2 fermion tunneling, no analysis has been done on spin one particle like photon. Discussion on the radiation of spin 3 2 gravitino has been done recently [12] but that study incorporates only semiclassical approximation and does not consider quantum corrections.
In the present paper we study the tunneling of photon and gravitino from the horizon of a black hole by following the method previously elaborated by one of us [13, 14, 11, 15] which has been applied later for various cases [16] . This approach is basically the Hamilton-Jacobi method where quantum corrections to the usual semiclassical results are taken by considering all the terms in the expansion of the single particle action. It was shown that the semiclassical contribution together with some proportionality constants can generate all the higher order corrections. Though the values of these constants depend on the order of expansion, a general form was provided by simple dimensional argument. By calculating the ratio between outgoing and ingoing probability of a particle Hawking temperature with quantum corrections was obtained. This eventually led to the entropy of the black hole in which first order correction was logarithmic in nature.
Here we employ the same method to first study the tunneling of photon. We take the Maxwell field in a static spherically symmetric space time. Apart from the equation of motion which comes from the variation of the action with respect to the gauge field, we have also additional gauge constraints. The importance of gauge condition in subsequent analysis is shown to be nontrivial. In particular, to obtain the corrections of the single particle action we need to expand not only the action but also the gauge condition in a power series of . This study for the photon field is completely new and has not been mentioned elsewhere.
After obtaining the explicit form of the action we calculate the wave function which is finally used to get the tunneling amplitude. We apply the detailed balance principle to get the modified Hawking temperature. Then the corrections to the Bekenstein-Hawking area law are found by using the laws of thermodynamics. The results agree with the conclusions previously obtained for the tunneling of scalar and Dirac particles which confirms the robustness of the whole formalism.
In this paper we have also studied the gravitino tunneling beyond semiclassical approximation. For that we consider the massless Rarita-Schwinger equation in curved geometry and follow the same formalism to find the corrections of the black hole temperature and the area law. Though the final results for both photon and gravitino tunneling look same, the difference comes from the correction parameter which is shown to be dependent on the spin of the particle.
Before proceeding further let us mention the organisation of our paper. In the second section we study the tunneling of photon thoroughly to obtain the Hawking temperature and the area law in their modified version. Gravitino tunneling is analysed in the next section. The discussion on the correction parameter is given in section 4 and the last section is for conclusions.
Photon tunneling and corrections to Hawking temperature
In this section we study the tunneling of photon which is forbidden classically to calculate the Hawking temperature of a black hole. To do that we first calculate the one particle action by using the Hamilton-Jacobi equation [4] and then calculate the tunneling amplitude. Finally this is equated with the Boltzmann factor to get the black hole temperature.
In a curved spacetime background, the action for the electromagnetic field is given by,
where the field strength F µν is defined in terms of the gauge field A µ as,
An arbitrary variation of A µ in the action (1) gives the equation of motion
Using the standard method of calculating the covariant derivative of a tensor field we write the above equation as,
From now on we shall consider the spacetime to be static and spherically symmetric in nature i.e.
whose horizon r = r H is given by f (r H ) = g(r H ) = 0. Since we shall study only radial trajectories, the (r − t) sector of the metric (6) is relevant for our purpose. In particular for µ = r the equation of motion reads as,
Using the fact that F µν is an antisymmetric tensor, the above equation is simplified to
Now the definition of the Christoffel connection
gives
for the spacetime (6) . Using (10) in (8) we get the equation of motion
which can be written in terms of the photon field A µ as,
Now to solve the above equation we make an ansatz
where I(r, t) is the one particle action which will be later expanded in powers of . Substituting (13) in the equation of motion (12) we get
Now we expand I, a t and b t in a power series of
In the above expansions the terms I 0 , A 0 and B 0 are semiclassical values whereas the remaining terms are quantum corrections having values of the order of different powers of . Substituting (16) in the left hand side of (14) and then setting semiclassical (O( 0 )) and first quantum correction (O ( 1 )) to zero, we obtain the following equations:
Using (17) we simplify (18) to get
At this point we note that the field strength tensor F µν defined in (3) is invariant under the gauge transformation
So in order to proceed further we take the Lorentz gauge in the curved spacetime
This can be equivalently written as,
Using the metric (6) and the following values of Christoffel connections (22) is simplified in the r − t sector as,
Now we use the ansatz (13) in (24) to obtain
Equating the different powers of on both sides we get
Using (26) we write (27) in the following way
Multiplying (28) by (∂ r I 0 ), (19) by i(∂ t I 0 ) and finally adding we obtain
Using (26) the above equation is simplified to
Finally making use of the condition (17) in the above equation we get
Since the terms independent of the single particle action I will not contribute to the thermodynamic quantities we drop them from (31) to find
Comparing (17) and (32) we note that coefficients of i in the expansion of I (15) satisfy the general relation
for i = 0, 1, ... Now in order to write the above differential equation in terms of the metric coefficients we multiply (17) by ∂ t I 0 and (26) by ∂ r I 0 to get the following equations
Finally comparing (34) and (35) we find
which is equivalently written as,
Since the ratio (∂ r I i /∂ t I i ) is independent on the values of i, from (33) and (37) we write
for i = 0, 1, ... This implies that the solution of these equations are not independent and I i 's are proportional to I 0 . Thus (15) is written as
where γ i 's are the different proportionality constant. Since the action I has the dimension of , I i 's have the dimension of 1−i and hence the proportionality constants (γ i ) should have the dimension of −i . Again in our units G = c = k B = 1, has the dimension of mass square and so γ i 's are of the form
where M is the mass of the black hole, the only mass parameter appears in this problem and β's are some dimensionless constants having values such that quantum corrections are of the order of i . Combining (39) and (40) we get
Now in order to find the Hamilton-Jacobi solution of I 0 , we note that the metric we have taken (6) is stationary and so it has timelike Killing vectors. Thus we take the solution of (37) in the form
where Ω is the constant of motion corresponding to the timelike Killing vectors. In a general spacetime Ω is the product of the particle's energy ω as measured by an arbitrary observer and the appropriate redshift factor V = √ −g tt . Substituting this in (37) we get,
Integrating the above equation we find
where the limits of the integration are taken such that the particle passes through the horizon r = r H . The +(−) sign indicates that the particle is ingoing (outgoing). Combination of (42) and (44) gives the solution for I 0
which is substituted in (41) to get the complete solution of I(r, t)
Making use of the relations (13) and (46) we obtain the ingoing and outgoing solutions of the Maxwell equation in curved spacetime (12)
and
.
When a particle tunnels through the horizon the sign of the sign of the metric coefficient in the (r − t) sector is changed. This suggests that there is an imaginary part in the time coordinate for the crossing of the black hole horizon and therefore a temporal contribution will appear in the expressions of probabilities for the ingoing and outgoing particles. Thus the ingoing and outgoing probabilities of the particle are given by,
In the classical limit → 0 everything is absorbed in the black hole and hence the ingoing probability P in must be unity. Therefore, in this limit, (49) reads as,
Using the above result in (50) we get the probability for the outgoing particle
Now if an observer at infinity (i.e. r → ∞) observes the same tunneling process (corresponding to Hawking effect) with energy ω and temperature T h , then it reads the principle of "detailed balance" as
Since P in = 1 in the classical limit, the above equation leads to
Now at r → ∞, √ −g tt = 1 and so Ω = ω. Therefore comparing (52) and (54) we get the black hole temperature as
Now we can write the above expression in terms of the standard semiclassical Hawking temperature
This expression gives the Hawking temperature which incorporates the corrections due to the quantum effect.
Gravitino tunneling beyond semiclassical approximation
We follow the method discussed in the previous section to study gravitino tunneling. As claimed in the introduction our analysis go beyond the semiclassical approximation by incorporating all possible quantum correction. The semiclassical Hawking temperature is shown to be altered properly. The Rarita-Schwinger equation [17] for the massless spin-3/2 fermion in a curved spacetime background is given by
together with a constraint
to ensure that there is no Dirac state in ψ. Here ψ ν ≡ ψ νa is a vector valued spinor and the covariant derivative is defined in the usual way,
We take the following representations of the γ matrices
which satisfy {γ µ , γ ν } = 2g µν . Since we shall work only with the radial trajectories, the (r − t) sector of the metric (6) is important and hence (58) is expressed as
Substituting the metric (6) and the nonvanishing connections
in (62), we get the following equation
We take the following ansatz for the wave function
and the following value of Σ
to write (64) componentwise
We ignore the second Rarita-Schwinger equation (59) since they are not important for the solution of the action. In the above equations, the terms which do not involve the single particle action will not contribute to the thermodynamic entities of the black hole. Therefore we drop those terms to write (67)- (70) as
From (71) and (73) we note that a µ and c µ will have nonvanishing values only when
This condition gives the result
or equivalently,
Substituting (77) in (71) we get
The above results can also be obtained by solving (72) and (74) simultaneously. Expanding I, a µ , and c µ in power series of
we write (77) and (77) as
for i = 0, 1, 2, ... Note that (81) is same as (38) which was obtained order by order for the photon field.
Now following the analysis presented in the previous section we can calculate the black hole temperature due to gravitino tunneling. The result thus obtained is identical to (57), though the values of the parameters β i for photon and gravitino are not same. This point will be examined in detail in the next section Some comments on the corrected form of the Hawking temperature (57) are as follows. Using this corrected form of temperature and exploiting the Hawking's periodicity arguments one can find the corrected form of the Schwarzschild metric upto order as
For detailed discussions see [14] . Therefore the fractional change of the metric coefficients is −
which is precisely the result given in [18] . The previous derivation was based on the solution of Einstein equation including the renormalized energy-momentum tensor for the back reaction effect in the spacetime. In that case the coefficient (which is β 1 for our case) is related to the number of different types of fields. In the next section we will explicitly show how our result matches with this earlier work. In this respect it might be the case that inclusion of all order terms in the one particle action corresponds to the effect of all loops back reaction [20, 19] in the spacetime. Now from the first law of thermodynamics
it is easy to find the corrected form of the Bekenstein-Hawking entropy which in this case is given by,
where A = 16πM 2 is the area of the event horizon of the Schwarzschild black hole. The first term is the usual semiclassical result and the second term is the logarithmic correction [21, 22, 23, 24, 13] which in this case comes from order correction to the one particle action and so on. In the next section we will discuss a method of fixing the coefficients.
Discussions on correction parameters β i
In this section we will discuss about the undetermined coefficients β i 's for both photon and gravitino cases. To determine these, we begin by studying the behaviour of actions (41) and (79) for the photon and gravitino tunneling separately.
Under an infinitesimal constant scale transformation, parametrised by k, the metric coefficients change as,g
Due to this transformation, the coefficients of (r − t) sector of the metric (6) change asf = kf,g = k −1 g. Also, to preserve the scale invariance of the Lorentz gauge condition (21) , the field A µ transforms asÃ µ = k −2 A µ . On the other hand, the action (1) for photon field (1) shows that A µ has the dimension of mass and since the only mass parameter we have in this problem is the black hole mass M, the infinitesimal change of it is given by,
This relation clearly shows that β 1 is connected to the trace anomaly. Following the identical analysis for the gravitino one can immediately show that
where T µ µ(1) | gravitino is the trace of the renormalized energy-momentum tensor of gravitino upto one loop expansion.
Similar relations were given earlier for scalar particle [14] and spin 1/2 particle [11] where it has been shown that the coefficient β 1 is related to trace anomaly. The only difference is the factor before the integration. This agrees well with the earlier conclusion [26, 21] where using conformal field theory technique it was shown that this β 1 is related to trace anomaly and is given by, 
Conclusion
We have shown that photon and gravitino can tunnel through the event horizon of a black hole just like spin zero and spin half particles. Thus our present work is a natural extension of the HamiltonJacobi method previously developed in [13, 14, 11, 15] . In case of photon tunneling presence of gauge freedom makes the analysis more complicated than the studies for other particles. Nevertheless we have successfully shown that higher order correction terms of the single particle action are proportional to the semiclassical contribution just like scalar and Dirac particles. By using the principle of detailed balance the same form of Hawking radiation and Bekenstein-Hawking area law have been recovered. Expectedly, the area law involved logarithmic area correction together with the standard inverse power of area term. In our knowledge, existing analysis of tunneling formalism involved emission of spin zero, spin 1 2 or spin 3 2 particles from black hole without discussing the tunneling of photon. In that sense our work fills an important gap present in the literature.
The formalism applies equally well to the gravitino tunneling case. Previously this was studied [12] only upto semiclassical level. Here we have incorporated all the quantum corrections to get the modified black hole temperature and the area law. Finally, the coefficients of the logarithmic term of entropy which is related with trace anomaly are calculated for both photon and gravitino. This completes our analysis.
